Abstract. Let k be an algebraically closed field of characteristic 2, and let W be the ring of infinite Witt vectors over k. Suppose D is a dihedral 2-group. We prove that the universal deformation ring R(D, V ) of an endo-trivial kD-module V is always isomorphic to W [Z/2 × Z/2]. As a consequence we obtain a similar result for modules V with stable endomorphism ring k belonging to an arbitrary nilpotent block with defect group D. This confirms for such V conjectures on the ring structure of the universal deformation ring of V which had previously been shown for V belonging to cyclic blocks or to blocks with Klein four defect groups.
Introduction
Let k be an algebraically closed field of positive characteristic p, let W = W (k) be the ring of infinite Witt vectors over k, and let G be a finite group. There are various classical results in the literature concerning the lifting of finitely generated kG-modules over complete local commutative Noetherian rings with residue field k, such as Green's liftability theorem. To understand and generalize these results, it is useful to reformulate them in terms of deformation rings. For example, Alperin has proved in [2] that in case G is a p-group, every endo-trivial kG-module V can be lifted to an endo-trivial W G-module. This can be reformulated as saying that for every such V , there is a surjection from the universal deformation ring R(G, V ) to W . A natural question is then to determine R(G, V ) itself. In this paper, we determine the universal deformation rings R(D, V ) for all endo-trivial kD-modules V when k has characteristic p = 2 and D is a dihedral 2-group.
For arbitrary p and G, a finitely generated kG-module V is called endo-trivial if the kG-module Hom k (V, V ) ∼ = V * ⊗ k V is isomorphic to a direct sum of the trivial simple kG-module k and a projective kG-module. Endo-trivial modules play an important role in the modular representation theory of finite groups, in particular in the context of derived equivalences and stable equivalences of block algebras, and also as building blocks for the more general endo-permutation modules, which for many groups are the sources of the simple modules (see e.g. [17, 27] ). In [15, 14] , Carlson and Thévenaz classified all endo-trivial kG-modules when G is a p-group. Since by [12] , the endo-trivial kG-modules V of a p-group G are precisely the modules whose stable endomorphism ring is one-dimensional over k, it follows by [6, Prop. 2.1] that V has a well-defined universal deformation ring R(G, V ).
The topological ring R(G, V ) is universal with respect to deformations of V over complete local commutative Noetherian rings R with residue field k. A deformation of V over such a ring R is given by the isomorphism class of a finitely generated RGmodule M which is free over R, together with a kG-module isomorphism k⊗ R M → V (see §2). Note that all these rings R, including R(G, V ), have a natural structure as W -algebras.
In number theory, the main motivation for studying universal deformation rings for finite groups is to provide evidence for and counter-examples to various possible conjectures concerning ring theoretic properties of universal deformation rings for profinite Galois groups. The idea is that universal deformation rings for finite groups can be more easily described using deep results from modular representation theory due to Brauer, Erdmann [19] , Linckelmann [21, 22] , Butler-Ringel [10] and others. Moreover, the results in [18] show that if Γ is a profinite group and V is a finite dimensional k-vector space with a continuous Γ-action which has a universal deformation ring, then R(Γ, V ) is the inverse limit of the universal deformation rings R(G, V ) when G runs over all finite discrete quotients of Γ through which the Γ-action on V factors. Thus to answer questions about the ring structure of R(Γ, V ), it is natural to first consider the case when Γ = G is finite. Later in the introduction we will discuss some number theoretic problems which originate from considering how our results for finite groups arise from arithmetic.
Suppose now that G is an arbitrary finite group and V is a kG-module such that the stable endomorphism ring End kG (V ) is one-dimensional over k, i.e. V has a welldefined universal deformation ring R(G, V ). The results in [6] led to the following question relating the universal deformation rings R(G, V ) to the local structure of G given by defect groups of blocks of kG. Question 1.1. Let B be a block of kG with defect group D, and suppose V is a finitely generated kG-module with stable endomorphism ring k such that the unique (up to isomorphism) non-projective indecomposable summand of V belongs to B. Is the universal deformation ring R(G, V ) of V isomorphic to a subquotient ring of the group ring W D?
The results in [6, 4, 5] show that this question has a positive answer in case B is a block with cyclic defect groups, i.e. a block of finite representation type, or a tame block with Klein four defect groups, or a tame block with dihedral defect groups which is Morita equivalent to the principal 2-modular block of a finite simple group. For the latter type of blocks, there are precisely three isomorphism classes of simple modules.
In [7, 8] , it was shown that if p = 2, G is the symmetric group S 4 and E is a 2-dimensional simple kS 4 -module then R(G, E) ∼ = W [t]/(t 2 , 2t), giving an example of a universal deformation ring which is not a complete intersection, thus answering a question of M. Flach [16] . A new proof of this result has been given in [11] using only elementary obstruction calculus. In [7, 8] , it was additionally shown that this example arises from arithmetic in the following way. There are infinitely many real quadratic fields L such that the Galois group G L,∅ of the maximal totally unramified extension of L surjects onto
is not a complete intersection, where E is viewed as a module of G L,∅ via inflation. The universal deformation rings in [6, 4] are all complete intersections, whereas the results in [5] provide an infinite series of G and V for which R(G, V ) is not a complete intersection.
In this paper, we consider the endo-trivial modules for the group ring kD when k has characteristic 2 and D is a dihedral 2-group of order at least 8. Note that kD is its own block and the trivial simple module k is the unique simple kD-module up to isomorphism. Our main result is as follows, where Ω denotes the syzygy, or Heller, operator (see for example [1, §20] ). Theorem 1.2. Let k be an algebraically closed field of characteristic 2, let d ≥ 3, and let D be a dihedral group of order 2 d . Suppose V is a finitely generated endo-trivial kD-module.
i. If V is indecomposable and C is the component of the stable Auslander-Reiten quiver of kD containing V , then C contains either k or Ω(k), and all modules belonging to C are endo-trivial.
Moreover, every universal lift U of V over R = R(D, V ) is endo-trivial in the sense that the RD-module U * ⊗ R U is isomorphic to the direct sum of the trivial RD-module R and a free RD-module.
In particular, R(D, V ) is always a complete intersection and isomorphic to a quotient ring of the group ring W D.
It is a natural question to ask whether Theorem 1.2 can be used to construct deformation rings arising from arithmetic. More precisely, let L be a number field, let S be a finite set of places of L, and let L S be the maximal algebraic extension of L unramified outside S. Denote by G L,S the Galois group of L S over L. Suppose k has characteristic p, G is a finite group and V is a finitely generated kG-module with stable endomorphism ring k. As in [8] , one can ask whether there are L and S such that there is a surjection ψ :
to be an isomorphism for all such V is that Ker(ψ) has no non-trivial pro-p quotient. If this condition is satisfied, we say the group G caps L for p at S.
As mentioned earlier, this arithmetic problem was considered in [8] for the symmetric group S 4 in case p = 2. In fact, it was shown that there are infinitely many real quadratic fields L such that S 4 caps L for p = 2 at S = ∅. Since the Sylow 2-subgroups of S 4 are isomorphic to a dihedral group D 8 of order 8, this can be used to show that D 8 caps infinitely many sextic fields
Since the fields L ′ have degree 6 over Q, this raises the question of whether one can replace L ′ by smaller degree extensions. Another question is if one can find similar results for dihedral groups D of arbitrary 2-power order. As in the proof of [8, Thm. 3.7(i) ], one can show that D does not cap Q for p = 2 at any finite set S of rational primes. Hence the best possible results one can expect to be valid for all endo-trivial kD-modules should involve extensions L of Q of degree at least 2.
We now discuss the proof of Theorem 1.2. As stated earlier, the endo-trivial kD-modules are precisely the kD-modules whose stable endomorphism ring is onedimensional over k. The results of [13, §5] show that the group T (D) of equivalence classes of endo-trivial kD-modules is generated by the classes of the relative syzygies of the trivial simple kD-module k. To prove part (i) of Theorem 1.2 we relate this description for indecomposable endo-trivial kD-modules to their location in the stable Auslander-Reiten quiver of kD. For part (ii) of Theorem 1.2, suppose D = σ, τ where σ and τ are two elements of order 2 and στ has order 2 d−1 , and let V be an indecomposable endo-trivial kD-module. We prove that there exists a continuous local In [9, 25] , Broué and Puig introduced and studied so-called nilpotent blocks. Using [25] , we obtain the following result as an easy consequence of Theorem 1.2. Corollary 1.3. Let k and D be as in Theorem 1.2. Let G be a finite group, and let B be a nilpotent block of kG with defect group D. Suppose V is a finitely generated B-module with stable endomorphism ring k. Then the universal deformation ring
The paper is organized as follows: In §2, we provide some background on universal deformation rings for finite groups. In §3, we study some subquotient modules of the free kD-module of rank 1 and describe lifts of two such kD-modules over W using the ordinary irreducible representations of D. In §4, we describe the locations of the indecomposable endo-trivial kD-modules in the stable Auslander-Reiten quiver of kD using [3, 13] . In §5, we complete the proof of Theorem 1.2 and Corollary 1.3.
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Preliminaries
Let k be an algebraically closed field of characteristic p > 0, let W be the ring of infinite Witt vectors over k and let F be the fraction field of W . Let C be the category of all complete local commutative Noetherian rings with residue field k. The morphisms in C are continuous W -algebra homomorphisms which induce the identity map on k.
Suppose G is a finite group and V is a finitely generated kG-module. If R is an object in C, a finitely generated RG-module M is called a lift of V over R if M is free over R and k ⊗ R M ∼ = V as kG-modules. Two lifts M and M ′ of V over R are said to be isomorphic if there is an RG-module isomorphism α :
The isomorphism class of a lift of V over R is called a deformation of V over R, and the set of such deformations is denoted by Def G (V, R). The deformation functor F V : C → Sets is defined to be the covariant functor which sends an object R in C to Def G (V, R).
In case there exists an object R(G, V ) in C and a lift U(G, V ) of V over R(G, V ) such that for each R in C and for each lift M of V over R there is a unique morphism
is called the universal deformation ring of V and the isomorphism class of the lift U(G, V ) is called the universal deformation of V . In other words, R(G, V ) represents the functor F V in the sense that F V is naturally isomorphic to Hom C (R(G, V ), −). If R(G, V ) and the universal deformation corresponding to U(G, V ) exist, then they are unique up to unique isomorphism. For more information on deformation rings see [18] and [24] .
The following four results were proved in [6] and in [5] , respectively. Here Ω denotes the syzygy, or Heller, operator for kG (see for example [1, §20] 
ii. There is a non-projective indecomposable kG-module V 0 (unique up to isomorphism) such that End kG (V 0 ) = k, V is isomorphic to V 0 ⊕ P for some projective kG-module P , and R(G, V ) and R(G, V 0 ) are isomorphic.
Lemma 2.3. [5, Lemma 2.3.2] Let V be a finitely generated kG-module such that there is a non-split short exact sequence of kG-modules
Then there exists a W G-module X which is a lift of V over W . 
Let k be an algebraically closed field of characteristic p = 2. The trivial simple kD-module k is the unique irreducible kD-module up to isomorphism. The free kDmodule kD of rank one is indecomposable and its radical series has length 2 d−1 + 1. The radical of kD is generated as a kD-module by (1 + σ) and by (1 + τ ), and the socle of kD is one-dimensional over k and generated by [(1 + σ) ( 
From this description it follows that rad(kD)/soc(kD) is isomorphic to the direct sum of two indecomposable kD-modules, namely
Moreover, we have the following isomorphisms of kD-modules:
Let ν ∈ {σ, τ }, and define E ν = kD(1+ν)/soc(kD). We have a commutative diagram of kD-modules of the form
where π ν (1) = (1 + ν) + soc(kD), π(1) = 1 + soc(kD), ι ν and ι are inclusions, g ν (1) = (1 + ν) and f ν is induced by the inclusion map kD(1 + ν) ֒→ kD. Since f ν is injective, it follows that
We now turn to representations of D in characteristic 0. Let W be the ring of infinite Witt vectors over k, and let F be the fraction field of W . Let ζ be a fixed primitive 2 d−1 -th root of unity in an algebraic closure of Table 1 . In fact, the 
, and the action of the Galois group Gal(F (ζ +ζ −1 )/F ) on the ordinary irreducible characters divides the characters χ 5,i , i = 1, . . . ,
Since the Schur index over F of each of the characters in these orbits is 1, we obtain d − 2 non-isomorphic simple F D-modules V 0 , . . . , V d−3 whose characters ρ 0 , . . . , ρ d−3 satisfy
Moreover,
Let N a,b be an F D-module with character
Proof. Let X σ be the set of left cosets of σ in D, and let W X σ be the permutation module of D over W corresponding to X σ . This means that W X σ is a free W -module with basis {m x | x ∈ X σ } and g ∈ D acts as g · m x = m gx for all x ∈ X σ . Using the formula for the permutation character associated to the F D-module F X σ , we see that this character is equal to
There is a surjective W D-module homomorphism h σ : W D → W X σ which is defined by h σ (1) = m σ . Then Ker(h σ ) = W D(1 − σ) and we have a short exact sequence of W D-modules which are free over W
Because the character of F D is
ℓ=0 ρ ℓ . Tensoring (3.8) with k over W , we obtain a short exact sequence of kD-modules
Since kX σ ∼ = Ind D σ k and the latter is isomorphic to kD(1 + σ) by (3.3), Lemma 3.1 follows in case (i). Case (ii) is proved using the set X τ of left cosets of τ in D instead.
Endo-trivial modules for D in characteristic 2
As before, let k be an algebraically closed field of characteristic 2. Since D is a 2-group, it follows from [12] that the kD-modules V with stable endomorphism ring End kD (V ) ∼ = k are precisely the endo-trivial kD-modules, i.e. the kD-modules V whose endomorphism ring over k, End k (V ), is as kD-module stably isomorphic to the trivial kD-module k. The latter modules have been completely classified in [13] (see also [14] ). We will use this description to determine the location of the indecomposable endo-trivial kD-modules in the stable Auslander-Reiten quiver of kD.
Remark 4.1. Let z = (στ ) 2 d−2 be the involution in the center of D. The poset of all elementary abelian subgroups of D of rank at least 2 consists of two conjugacy classes of maximal elementary abelian subgroups of rank exactly 2. These conjugacy classes are represented by K 1 = σ, z and K 2 = τ, z . Let T (D) denote the group of equivalence classes of endo-trivial kD-modules as in [13] . Consider the map As in §3, let E σ = kD(1 + σ)/soc(kD) and let E τ = kD(1 + τ )/soc(kD). By (3.2), rad(kD)/soc(kD) ∼ = E σ ⊕ E τ . The almost split sequence ending in Ω −1 (k) = kD/soc(kD) has thus the form 
1). In particular, T (D) is generated by [Ω(k)] and [E σ ] (and also by [Ω(k)] and [E τ ]).
Let ν ∈ {σ, τ }, and define A ν,0 = k and A ν,1 = Ω(E ν ). For n ≥ 2, define A ν,n to be the unique indecomposable kD-module, up to isomorphism, in the equivalence class of the endo-trivial kD-module A ν,1 ⊗ k A ν,n−1 . Then the trivial simple kD-module k = A σ,0 = A τ,0 together with the kD-modules A σ,n , A τ,n for n ≥ 1 give a complete set of representatives of the Ω-orbits of the indecomposable endo-trivial kD-modules. We have Ξ([A σ,n ]) = (2n, 0) and Ξ([A τ,n ]) = (0, 2n) for all n ≥ 0. Lemma 4.2. The finitely generated indecomposable endo-trivial kD-modules are exactly the modules in the two components of the stable Auslander-Reiten quiver of kD containing the trivial simple kD-module k and Ω(k).
More precisely, let A σ,n and A τ,n be as in Remark 4.1 for n ≥ 0. Then the almost split sequence ending in k has the form
Let ν ∈ {σ, τ } and let n ≥ 1. Then the almost split sequence ending in A ν,n has the form
Proof. Since Ω defines an equivalence of the stable module category of finitely generated kD-modules with itself, we can apply Ω to the almost split sequence (4.2) to obtain the almost split sequence ending in k up to free direct summands of the middle term. Since the sequence (4.2) is the only almost split sequence having kD as a summand of the middle term, the almost split sequence ending in k is as in (4.3).
Given an indecomposable kD-module M of odd k-dimension, it follows from [3, Thm. 3.6 and Cor. 4.7 
is the almost split sequence ending in M modulo projective direct summands. Since all endo-trivial kD-modules have odd k-dimension, we can apply the sequence (4.5) to M = A ν,n for ν ∈ {σ, τ } and all n ≥ 1. This means that modulo free direct summands the almost split sequence ending in A ν,n has the form
Since the sequence (4.2) is the only almost split sequence having kD as a summand of the middle term, it follows that the almost split sequence ending in A ν,n is as in (4.4) . This completes the proof of Lemma 4.2.
Lemma 4.3. Let ν ∈ {σ, τ }, let n ≥ 0 and let A ν,n be as in Remark 4.1. Then
Moreover, there is a short exact sequence of kD-modules
When we restrict the almost split sequences (4.3) and (4.4) to the elementary abelian subgroups K 1 and K 2 from Remark 4.1, it follows that the resulting short exact sequences of kK i -modules split for i = 1, 2. Define φ ν,1 : A ν,1 → k to be the restriction of the homomorphism µ 1 in (4.3) to the component A ν,1 , and for n ≥ 1 define φ ν,n+1 : A ν,n+1 → A ν,n to be the restriction of the homomorphism µ ν,n+1 in (4.4) to the component A ν,n+1 . For n ≥ 1, let Φ ν,n : A ν,n → k be the composition Φ ν,n = φ ν,1 • φ ν,2 • . . . • φ ν,n . Then it follows that the homomorphism Φ n : A σ,n ⊕ A τ,n → k, which restricted to A ν,n is given by Φ ν,n , splits when viewed as a homomorphism of kK i -modules for i = 1, 2. Since Ξ([A σ,n ]) = (2n, 0) and Ξ([A τ,n ]) = (0, 2n), this implies that for all n ≥ 1 we have a short exact sequence of kD-modules of the form
Inductively, we see that Ω 2n (k) has k-dimension n2 d + 1. Because the k-dimensions of A σ,n and A τ,n coincide, this implies that dim k A ν,n = 1 2
Hence we obtain for A ν,1 = Ω(E ν ) that Res D C A ν,1 also is stably isomorphic to k. Therefore, it follows by induction from the almost split sequence (4.4) that Res D C A ν,n+1 is stably isomorphic to k for all n ≥ 1. Comparing k-dimensions it follows that Res
for all n ≥ 0. To construct a short exact sequence of the form (4.7), recall that the almost split sequence (4.3) is obtained by applying Ω to the almost split sequence (4.2). Since the restriction of the homomorphism µ −1 in (4.2) to the component E ν is the same as the homomorphism f ν in the diagram (3.4), the restriction of the homomorphism µ 1 in (4.3) to the component A ν,1 is the same as Ω(f ν ). By (3.5) we have Ker(Ω(f ν )) ∼ = kD(1 + ν), which implies by (3.3) that there is a short exact sequence of kD-modules of the form
Tensoring the sequence (4.8) with A ν,n , we obtain a short exact sequence of kD-modules of the form
By definition, A ν,n+1 is the unique indecomposable kD-module, up to isomorphism, in the equivalence class of the endo-trivial kD-module
By splitting off the free kD-module (kD) n2 d−2 from the first and second term of the short exact sequence (4.9) we obtain a short exact sequence of kD-modules of the form (4.7).
Universal deformation rings for D and nilpotent blocks
In this section, we prove Theorem 1.2 and Corollary 1.3. We use the notations of the previous sections. In particular, k is an algebraically closed field of characteristic 2, W is the ring of infinite Witt vectors over k and F is the fraction field of W .
For ν ∈ {σ, τ } and n ≥ 0, let A ν,n be as in Remark 4.1. We first analyze all extensions of A ν,n by A ν,n by using the extensions of k by k which are described in the following remark.
Remark 5.1. Suppose N is a kD-module which lies in a non-split short exact sequence of kD-modules
Then N is isomorphic to N λ for some λ ∈ k * ∪ {σ, τ } where a representation ϕ λ of N λ is given by the following 2 × 2 matrices over k.
We obtain the following restrictions of N λ to the subgroups σ and τ of D.
• In case (a), Res
Lemma 5.2. Let ν ∈ {σ, τ }, let n ≥ 0, and let A ν,n be as in Remark 4.1. Then Ext
Suppose Z ν,n is a kD-module which lies in a non-split short exact sequence of kD-modules
Then Z ν,n is isomorphic to B ν,n,λ = A ν,n ⊗ k N λ for some λ ∈ k * ∪ {σ, τ } where N λ is as in Remark 5.1. Let {ν, ν ′ } = {σ, τ }.
and Res
Proof. Since A ν,n is endo-trivial, it follows from [3, Thm. 2.6] that the natural homomorphism
kD (A ν,n , A ν,n ) resulting from tensoring short exact sequences of the form (5.1) with A ν,n is a monomorphism. Moreover,
where the second isomorphism follows since A ν,n is endo-trivial. Hence the homomorphism in (5.3) is an isomorphism, which means that we only need to prove the descriptions of B ν,n,λ = A ν,n ⊗ k N λ given in (i) and (ii) of the statement of Lemma 5.2. For n = 0 this follows from Remark 5.1 since A ν,0 = k and so B ν,0,λ = N λ . By Lemma 4.3, there is a short exact sequence of kD-modules of the form (4.7). Tensoring this sequence with N λ over k gives a short exact sequence of kD-modules of the form
Thus B ν,n+1,ν ′ is an extension of B ν,n,ν ′ by kD(1+ν)⊕kD(1+ν). Since Res 
In particular, the sequence (5.4) does not split when λ = ν ′ , since it does not split when restricted to ν . This proves (ii).
The next result uses the restrictions of A ν,n and B ν,n,λ to the cyclic subgroups σ and τ of D.
Lemma 5.3. Let ν ∈ {σ, τ }, let n ≥ 0, and let A ν,n be as in Remark 4.1. Then there is a surjective W -algebra homomorphism α :
Proof. Let R = R(D, A ν,n ) and let U ν,n be a universal lift of A ν,n over R. Let C σ = σ and C τ = τ , and let C ∈ {C σ , C τ }. By Lemma 4.3, Res
In particular, Res D C A ν,n is a kC-module with stable endomorphism ring k, and hence it has a universal deformation ring. Moreover, R(C, Res
Since the completed tensor product over W is the coproduct in the category C, we get a W -algebra homomorphism
By Lemma 5.2, every non-trivial lift of A ν,n over the dual numbers k[ǫ]/(ǫ 2 ) is as kD-module isomorphic to B ν,n,λ for some λ ∈ k * ∪ {σ, τ }. The description of these modules shows that their restrictions to C σ and C τ are as follows:
Note that for C ∈ {C σ , C τ }, k 2 ⊕ (kC) 
. This implies α is surjective.
We next determine how many non-isomorphic lifts A ν,n has over W .
Lemma 5.4. Let ν ∈ {σ, τ }, let n ≥ 0, and let A ν,n be as in Remark 4.1. Then A ν,n has four pairwise non-isomorphic lifts over W corresponding to four distinct morphisms
Proof. We use Lemmas 2.3 and 3.1 to prove this. If n = 0 then A ν,0 is the trivial simple kD-module k which has four pairwise non-isomorphic lifts over W whose F -characters are given by the four ordinary irreducible characters of degree one χ 1 , χ 2 , χ 3 , χ 4 (see Table 1 ). By Lemma 4.3, there is a short exact sequence of kDmodules of the form
→ A ν,n → 0. By Frobenius reciprocity and the Eckman-Shapiro Lemma, we have for all n ≥ 0
where the second isomorphisms follow since Res
ℓ=0 ρ ℓ for ρ ℓ as in (3.6) . Then every F D-module T with F -character ρ satisfies by (3.7)
Assume by induction that A ν,n has four pairwise non-isomorphic lifts over W whose F -characters are given by
if n = 2m for some m ≥ 0, and by
if n = 2m + 1 for some m ≥ 0. By Lemma 3.1, Ind D ν k has two pairwise nonisomorphic lifts over W with F -characters Hence by Lemma 2.3, A ν,n+1 has four pairwise non-isomorphic lifts over W whose F -characters are as in (i),(ii), respectively (i ′ ), (ii ′ ), if we replace n by n + 1. Let U be a universal lift of V over R = R(D, V ). Since V is endo-trivial, the rank of U as a free R-module is odd. This implies that as RD-modules
where D acts trivially on R and L is some RD-module which is free over R. Since U * ⊗ R U is a lift of V * ⊗ k V over R and V is endo-trivial, this implies that k ⊗ R L is isomorphic to a free kD-module. Hence L is a free RD-module, which implies that U is endo-trivial.
We now turn to nilpotent blocks and the proof of Corollary 1.3.
Remark 5.5. Keeping the previous notation, let G be a finite group and let B be a nilpotent block of kG with defect group D. By [9] , this means that whenever (Q, f ) is a B-Brauer pair then the quotient N G (Q, f )/C G (Q) is a 2-group. In other words, for all subgroups Q of D and for all block idempotents f of kC G (Q) associated with B, the quotient of the stabilizer N G (Q, f ) of f in N G (Q) by the centralizer C G (Q) is a 2-group. In [25] , Puig rephrased this definition using the theory of local pointed groups.
The main result of [25] implies that the nilpotent block B is Morita equivalent to kD. In [26, Thm. 8.2], Puig showed that the converse is also true in a very strong way. Namely, if B ′ is another block such that there is a stable equivalence of Morita type between B and B ′ , then B ′ is also nilpotent. Hence Corollary 1.3 can be applied in particular if there is only known to be a stable equivalence of Morita type between B and kD. 
